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Destabi l iz ing f l u i d  forces  on a whirl ing centr i fugal  impeller ro ta t ing  i n  a 
volute have been observed (Ref -1). A quasisteady analys is  neglecting shed v o r t i c i t y  
(Ref -2 )  o r  an unsteady analys is  without a vola te  (Ref . 3 )  does not predict  the  
existence of such des tab i l i z ing  f l u i d  foroes  o a  a whirl ing impeller. 
The present  repor t  i s  intended t o  take i n t o  account t h e  e f f ec t s  of a volute and 
the shed vo r t i o i t y .  We t r e a t  cases when an  impeller with an i n f i n i t e  number of 
vanes r o t a t e s  with a constant v e l o ~ i t y  Q and i t s  center  whir ls  with s constant 
eccen t r i c  radius  e and a constant whirl ing velooi ty  a. 
Major assumptioos a r e  as follows: 
The number of the vanes i s  so large  t ha t  the impeller can be t rea ted  a s  
an actuator  impeller i n  which the  flow i s  per fec t ly  guided. 
Plow i s  invisc id ,  incompressible and two-dimensional. 
The eccen t r i c i t y  e i s  so small t h a t  unsteady components can be l inear-  
iz  ed. 
Vort ic i ty  i s  transported on a prescribed mean flow, i .e. ,  the operating 
point  i s  near design flow ra te .  
The volute can be represented by a carved p l a t e  (see Fig.1). 
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E - ~ t i y  : s ta t ionary f r u e  wtth i t s  or ig in  0 fixed t o  the center of the  w h i r  
l i n g  motion 
2' = X ' t i T  : t saas la t ing  frame with i t s  o r i g i n  0'  f ixod t o  fhe center of the  
= ;?-zeiwt impeller a d  i t s  axes pa ra l l e l  t o  those of Z, 
f i , G  : inner and outer  radius  of the impeller 
f?cr> : vane angle measured from oiranmferential direction 
w : angular veloci ty  of whirl ing motion 
J-2 : angular veloci ty  o f  the impoller 
)2 : prerotat ion,  Q: flaw rate 
= u +i U : absolute velocity 
cv;, U,) 
K=ut+,LV' : veloci ty  r e l a t i vo  t a  x'y' frame 
Cv;, v-1 
W : velocity r e l a t i v e  to the impeller 
(Wi ,  wb) 
6 : time, t = O  when 00' i s  i n  the direction of x 
W : ciroumf orential mode number 
Subscript 6 
1 , 2  : quant i t i es  a t  the inner and outer  radius respsot ively  
- 
: steady coaponent - ; unsterdy cornpapent 
BASIC EQUATIONS 
I3uler1s equation i n  the ro ta t ing  and t rans la t ing  frame fixcd t o  the toter is, 
* 
whore a/at ieir  the t i m e  der ivat ive  i n  tho  rotat ins  frame and p i u r o  and 
X i are the t rans la t iona l  veloai ty  due t o  whirling and the ro ta t iona l  
Cy 
velocity of the impofler. I n  an a o t u a t ~ t  impeller w i t h  an inf inite  awinbor of vanes, 
tho affects  of the vort ic i ty  distribution on the vanes and the f o r c e s  exerted by the 
f vanes a r e  represented by the vort ioi ty  V X z  and the external fotou - 
reapeatively in the above squation. For i n ~ i s ~ i d  flow through aotastor impel l e x s ,  
f and I?! X ( V X z )  are normal t o  the vano surface and the ~omponezrt of Equation (1) 
# 
parallel  t o  the vane surfaoe i s  
Integrating Equation (2) along the vane surface we get fhe following total  presauro 
i n ~ x e a s o .  
where 
Pownstresa of the impeller, whero 24, Equation (1) can be expressed as 
The flow tangency condition a t  the impeller ou t l e t  Is, 
The f i r s t  term on the r i gh t  hand side of t he  above equation i s  cancelled by the flow 
component 
and other distllrbance components should s a t i s f y  the  f ollcnring %qua t i o n  
For the region outside the impeller we consider two types of elementary velocity 
df sturbances sa t is fying Equation (8) : 
F i r s t ,  consider the f olloning ve loc i ty  f i e ld :  
This ve loc i ty  f i e l d  has a vortex r a t  z '=z fO  and s a t i s f i e s  Equation (8) with no 
oi raula t ion/net  flow around/from the impeller. Consider a vortex d i s t r i bu t i on  
i o t  P(s) = rs(d + o G ( s ) s i n  mt + a q ( s ) c o s  ut on the  volute surface Z ~ ( S ) = Z ~ ~ + ~  . 
Assuming 8 << r2. we get the f olloning steady and unsteady veloci ty  colnponents 
i o t  where z '  i s  f ixed t o  r'y'-plane. A t  z=zs=z*+8e , which i s  f ixed t o  the  volute,  
we get  the following expressions: 
In the same ray the  velocity cmponent (7) has the  follorrfng steady and unsteady 
iOs io t  
components a t  the volute sarfaoe zS=xse =zf+ee , 
Next uonsider the velocity f i e l d  due t o  shed vort io i ty .  If we assume that tho 
vort ic i ty  i s  traaoported on a stroarlina 
Equation (17) includes the effoats  of the vort ic i ty  in  r <r<R. Siaoe G ( r )  i s  
oonvsrgont only  for 4 3  as + ,  wo showld art#f io ia l ly  proscribe sore 
appropriate f in i te  valw for R, Fkpation (17) does not satisfy Equation ( 8 )  and w e  
should add a potent ia l  component 
such t ha t  
s a t i s f i e s  the  boundary condition of Equation (8) .  We may now note t h a t  there  a re  
steady and unsteady components a s  follows: 
( i )  Steady component; i n  Equations (16) - (19)  we put u=O and represent the  
- 
re la ted  quand;ities with superscript  and saff i x  n (n=1,2.. ,) fo r  each 
node, g, etc.  
(ii) Unsteady component; correspondingly t o  the  ~ i g n  on w and t he  mode n, we 
represent the  re la ted  quan t i t i e s  such t ha t  <& eta .  
On the  volute z=z =ze+oeiwt, the steady and unsteady velooity f i e l d s  a r e  exprosred 
s 
as follorrs: 
I n  the  region upstream of the  impeller (rir 1 ,  we  consider a souroe Q and 
pre to ta t ion  of strength ri a t  the  center of t i e  vclnte .  Then t he  v o l o c i t ~  can be 
oxpressed i n  the  s e r i e s  
Now we have given a l l  of the elementary f lon components necessary f o r  the  
oonstraotion of the  e n t i r e  f lon  f i e ld .  Each of them oontains several unknowns t ha t  
a r e  determined i n  the following sections.  
The flow tangency condit ion on t he  volute  sllrfaoe is,  
where a i s  the  angle between volute and x-axis. I f  we put 
2L' = 2 + ij:usut + & s L ~ w C  
- & 
v'= U'-t xeoswt * g$A;nwc 
we ge t  the following conditions, 
- 
V'wci - zsinoc = 0 ,  (29 
& s & - ~ ) O & W =  -EOeODt(, 629) 
g'cos~ - @ & H Z  - - -tdal*la. ( 26) 
The steady ve loc i ty  a ' ,v '  i s  given a s  a sum of the velooi ty  components i n  Equations 
Ev hr N (12). (14) and (20) . The unsteady components u and , u a r e  tho cosine 
0 s 
and s ine  components of the  ve loc i ty  of Equations (131, (15) and (21). Equations 
(24)-(26) cons t i tu te  i a togra l  equstions f o r  r S ( s )  ,G(S) and G(s) 
CONTINUITY EQUATION 
The continuity equation across  the impeller i s  
where 9 i s  the  angle between corresponding leading and t r a i l i n g  edges of a vane. 
A t  theo outer  radius  the  t o t a l  of the steady veloci ty  components given by Equations 
( 7 ) ,  (10) and (19) can be expressed a s  a Fourier se r ies ;  namely, 
In the sane way, the unsteady mmpoaents of Equations (111, and (19) can be 
expressed as  
Prom Equation (27) we get the following relat ions  
- - 
Equations (32) and (33)  give the relations t o  determine ARn and AIn, and Equa- 
tion. (34)-(37) d c t c n i n s  A&, Gn, A ; ~  and A;*. 
Xf we use the expressions (28-31) in  Equation (51, the steady varticity 
oomponents oan bo expressed as 
a 
whore we have used wr=2-a bacanse of the assamption on the transport of the 
vorticity, In tho same ray, i f  we express the vorticity by 
,% 
and use the  expressions (28-31) i n  Equation (51, ne can express 4 i n  terms of t h e  
Fourier  c o e f f i c i e n t s  i n  Equations (2814311. Comparing Equation (40) and Equation 
(161, we get  the  following r e l a t i o n s ,  
MEIEOD OF SOLUTION 
We have used the  following unknowns f o r  the  expression of the  flow f i e l d  
steady c m ~ o n e n t  unsteady oom~onent 
These unknowns a r e  determined by the  following r e l a t i o n s :  
Steady Component Unsteady Component 
B.C. on t h e  volute :  Eq. (24) Eqs. (251, (26) 
Continuity: Eqs.(32),(33) Eqs.(34),(35) , ( 3 6 )  , (37 )  
Vort io i ty :  Eqs. (381,  (39)  Eqs.(41),(42),(43) , (44)  
These equations include i n t e g r a l s  r e l a t e d  t o  the  vor tex  d i s t r i b u t i o n  on the  volute  
surface. which should be evaluated by some appropriate method, Equations (241426)  
a r e  in tegra l  equations f o r  the  vor tex  d i s t r i b a t i o n s  on the  volute  surface and could 
be reduced t o  simaltanoons l i n e a r  eqnations by a s ingu la r i ty  method. In  the  soln- 
t i o n  of the  vor tex  d i s t r i b a t i o n s  the  "Kutta condition" a t  the  t r a i l i n g  edge should 
be applied. S t r i c t l y  speaking t h e  c i r c u l a t i o n  around t h e  volute f l u c t u a t e s  and a 
f r e e  vor tex  sheet  i s  shed from the  t r a i l i n g  edge of the  volute ,  Since we a r e  mainly 
in te res ted  i n  t h e  fo rces  on the  impeller,  we w i l l  neglect the  e f f e c t  of the f r e e  
vortex sheet  but apply the  following condit ions a t  the  t r a i l i n g  edge. 
Steady pa r t :  
Now we can express a l l  the  r e l a t i o n s  a s  a s e t  of simultaneous l i n e a r  equations which 
can be solved a m e r i c a l l y .  The steady component may be solved independently of 
unsteady component, and the  r e s u l t  used i n  t h e  ana lys i s  of the  unsteady oomponents. 
By considering the  balance of the  momentum of the  f l u i d  i n  t h e  impeller ,  we can 
express the  fo rces  on t h e  impeller a s  follows; 
Steedy component 
The t o t a l  pressure i s  given by Equation ( 3 )  and t h e  i n t e g r a l s  can be evaluated 
a n a l y t i c a l l y  by using the  expressions (28-31). 
CONCLUDING REMARKS 
The unsteady forces can eventual ly  be expressed in  the  form of s t i f  fxless 
matrix,  
The t i m ~ a v e r a g e  of the force component i n  the  d i reo t ion  of whirl ing motion i s  given 
by 'k (~~-9.)  and the  s i n  of t h i s  quant i ty  determines whether or n o t d h e  f l u i d  
fo rces  have des tab i l i z ing  e f f e c t s  on t h e  whirl ing motion. The sum Yz a0+yli)  gives 
t h e  time average of the  force component i n  t h e  r a d i a l  d i r e c t i o a  and thus the  
hydrodynamic s t i f f n e s s .  The ul t imate  goal of the  present  study i s  t o  examine these 
f a c t o r s  f o r  r e a l i s t i c  impeller-volute combinat2ons. 
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.Figure  1. - Impeller and v o l u t e  configuration. 
